We introduce a simple generalization of rational bubble models which removes the fundamental problem discovered by [Lux and Sornette, 1999] that the distribution of returns is a power law with exponent less than 1, in contradiction with empirical data. Our model predicts that, the higher is the market remuneration above the discount rate, the thinner is the tail of price returns but the larger is the volatility. Financial markets seem to have self-organized to balance "small" and extreme risks.
1 The fundamental constraint on distribution of returns of rational bubbles
Since the publication of the original contributions on rational expectations (RE) bubbles by [Blanchard, 1979] and [Blanchard and Watson, 1982] , a huge literature has emerged on theoretical refinements of the original concept and the empirical detectability of RE bubbles in financial data (see [Camerer, 1989] and [Adam and Szafarz, 1992] , for surveys of this literature). Recently, [Lux and Sornette, 1999] studied the implications of the bubble models for the unconditional distribution of prices, price changes and returns resulting from a very general discrete-time formulation of rational speculative bubbles:
where a t and b t i.i.d. random variables drawn from some non-degenerate probability density function (pdf) P a (a) and P b (b) respectively with E[b t ] = 0. In (1), B t denotes the difference between the observed price and the fundamental price and can thus be negative. Denoting E[.] the expectation operator, provided E[ln a] < 0 (stationarity condition) and if there is a number µ such that 0 < E[|b| µ ] < +∞,
and E[|a| µ ln |a|] < +∞, then the tail of the distribution of B is asymptotically a power law [Kesten, 1973 , Goldie, 1991 ]
with an exponent µ given by the real positive solution of (2). Together with rational expectations which require the bubble component in asset prices to obey
where δ is the discount factor < 1, [Lux and Sornette, 1999] showed that this automatically enforce µ < 1. It is easy to show that the distribution of price differences has the same power law tail with the exponent µ < 1 and the distribution of returns is dominated by the same power-law over an extended range of large returns [Lux and Sornette, 1999] . Although power-law tails are a pervasive feature of empirical data, these characterizations are in strong disagreement with the usual empirical estimates which find µ in the range 2 − 4. [Lux and Sornette, 1999] concluded that exogenous rational bubbles are thus hardly reconcilable with some of the stylized facts of financial data at a very elementary level.
Here, we provide a simple and natural extension of model (1) that removes this constraint µ < 1 and thus the discrepancy with empirical analysis. The key to understanding intuitively how the result of [Lux and Sornette, 1999] derives is to realize that the rational expectations condition (4) means that the bubble price grows locally exponentially with a instantaneous growth rate equal to the discount rate
Since the stochastic auto-regressive equation (1) describes a stationary process when the condition E[ln a] < 0 is satisfied, the only possibility to reconcile the non-stationary exponential growth with the stationary regression is that the distribution has no mean, which indeed occurs only for µ < 1. In practice for any finite time intervals, the absence of a mean implies that averages grow with the size of the time window. This remark points to the remedy.
2 Generalization and breakdown of the constraint
Model and predictions
Consider again B t as the price difference between observed price and the fundamental price. We propose the following extension of the model defined by (1) which consists in introducing an exponentially growing additive term b t → e rt b t with r > 0 such that the dynamics of B t is
We impose again E[b t ] = 0 and b t is a white noise process. The rational expectations (4) leads, as before [Lux and Sornette, 1999] , to
The idea underlying the definition (6) is that the additive noise must grow exponentially to follow up the growth of the bubble in order to alleviate the bound µ < 1, as we shall see. We introduce the reduced price variable A t such that
Equation (6) then reads
which is of the standard form (1) with stationary coefficients and obeys the usual conditions. Note that the rational expectations condition (7) translates into E[a t e −r ] = δ −1 e −r which can now be smaller than 1 (see below).
Provided that E[ln(ae −r )] < 0, 0 < E[|e r b t | µ ] < +∞ (which is the same condition 0 < E[|b t | µ ] < +∞ as before), the solution of
together with the constraint E[|ae −r | µ ln |ae −r |] < +∞ leads to an asymptotic power law distribution for the reduced price variable A t of the form P A (A) ≈ C A /|A| 1+µ , where µ is the real positive solution of (10). Similarly to the situation investigated in [Lux and Sornette, 1999] , the distribution of increments A t+1 − A t and of "returns" ln A t+1 /A t are also power laws with the same exponents µ. Note that the condition E[ln(ae −r )] < 0 which is E[ln(a)] < r now allows for positive average growth rate of the product a t a t−1 a t−2 ...a 2 a 1 a 0 . From the definition (8), knowing the distribution of ln A t+1 /A t gives us the distribution of returns ln B t+1 /B t since ln
Therefore, the distribution of returns of B t is the same as the distribution of ln A t+1 /A t , up to the shift r which becomes negligible for returns large compared to r. The tail of the distribution of returns of B t is thus also a power law distribution with the same exponent µ.
Consider the illustrative case where the multiplicative factors a t are distributed according to a log-normal distribution such that E[ln a] = ln a 0 (where a 0 is thus the most probable value taken by a t ) and of variance σ 2 . Then,
Equating (12) to 1 to get µ according to equation (10) gives
We have used the notation (5) for the discount rate defined in terms of the discount factor. The second equality in (13) results from (7) using E[a] = a 0 e σ 2 /2 . First, we retrieve the result [Lux and Sornette, 1999] that µ < 1 for the initial RE model (1) for which r = 0 and ln a 0 < 0. However, as soon as r > r δ = − ln δ, we get
and µ can take arbitrary values. Note that r does need to be large for the result (14) to hold. Take for instance a discount rate r δ = 2%, a return r = 4% and a 0 = 1.01. Expression (13) predicts µ = 4, which is compatible with empirical data.
Numerical simulations
We now present numerical simulations that illustrate these results. We do not pretend to capture reality acurately but show nevertheless that the stylized facts of empirical data are recovered by this simple model. In order to make a precise comparison with empirical data, one should specify the possible shapes of the distributions P a (a) and P b (b) and one should also add the fundamental price to the bubble price B t since only the sum is observable. Tests of the model would thus be a joigned test of the relevance of the RE model together with an assumption on the dynamics of the fundamental price. Figure 1 shows a typical trajectory of the price B t of a bubble generated by equation (6) with r = 0.4%. This choice is such that one time step can be approximately interpreted as one month as the compounded return over 12 time steps gives approximately a return of 5%. The multiplicative factors a t are generated from the formula a t = a 0 exp[0.15η t ], where a 0 = 1.001 and the random η t 's are uniformely distributed in [−0.5; +0.5], such that E[ln a] = ln a 0 = 0.1% and E[a] = 1.002. Thus, from equation (7), we also have the discount factor δ = 0.998 and the discount rate is r δ = 0.2%. The additive term b t is taken uniformely distributed in the interval [−0.05; +0.05] . Note that b t sets the scale of B(t). The bubble price B t stays on average at 0, as seen from (6) which predicts E[B t ] = 0. However, like a correlated random walk with fat tails, it wanders around, with an appearance quite reminiscent of active and volatile markets. Figure 2 shows a time series of the "monthly" returns ln[B t+1 /B t ] of the bubble process shown in figure 1 over approximately 830 model-years. The returns exhibit intermittent bursts of volatility and this is seen at all scales down to the smallest ones as shown in figure  3 . Figure 4 shows a double logarithmic scale representation of the complementary cumulative distribution of the "monthly" returns shown in figures 2 and 3. The asymptotic regime for ln[B t+1 /B t ] > 1 is a power law with exponent µ ≈ 3.2, in agreement with the prediction obtained by solving equation (10). This asymptotic regime is shown magnified in figure 5 .
Notice ] may appear due to the fact that B t may approach arbitrarily close to 0. Since such approach is performed with a uniform probability in the vicinity of 0, the distribution of 1/B is a power law with exponent 1: this is one of the possible mechanisms known to generate power law distributions known as the "power law change of variable close to the origin" (see Chap. 14). In the context of price returns, this is an artifact as the observable price would contain the additional contribution of the fundamental price and would thus not go close to zero. To demonstrate this point, we show in figure 6 the time dynamics of B t + e rt , where we have assumed that the fundamental price follows a deterministic growth at the "annualized" rate of 5%. Figure 6 corresponds to about 170 model-years. This is of the same order of magnitude as the lifetime of the Dow Jones US index with a similar growth from a few units to the order of 10.000 in present days. Figure 7 shows a magnification of the dynamics in the first 8 model years which looks very ressemblant to real data. Figure 8 shows a double logarithmic scale representation of the complementary cumulative distribution of the "monthly" returns ln[B t+1 +e r(t+1) ]/[B t +e rt ] of the total price shown in figures 6 and 7. As predicted, the intermediate regime has disappeared and the distribution is well-described by the asymptotic power law with an exponent in agreement with the prediction µ ≈ 3.2 given by the equation (10) and shown as the straight line.
For comparison, figure 9 shows the distribution of positive and negative returns of the Dow Jones Industrial Average price over one century. The tails are very well quantified by power laws with exponents respectively equal to µ + = 2.9 ± 0.3 and µ − = 2.4 ± 0.3. The error bars are estimated from the theory of maximum likelihood applied to the Hill estimator which predict δµ/µ = 1/ √ N, where N is the number of data in the power law tail. Using N ≈ 100, we find δµ ≈ 0.3. The data does not reject the hypothesis that µ + = µ − ≈ 2.7 ± 0.3. The comparison between figures 8 and 9 suggests that the RE bubble model (60 goes a long way into capturing the structure of real market prices.
Il buono, il brutto e il cattivo
As in the famous movie of Sergio Leone in 1966, our story has three characters:
• the market return r of the fundamental price, present to ensure a stationary and well-behaved time series of returns;
• the power law tail of the returns with an exponent µ;
• the volatility Σ B , defined as the standard deviation of the total price returns ln[B t+1 + e r(t+1) ]/[B t + e rt ], in the regime µ > 2 for which it exists.
These three characters have different behaviors. While investors enjoy getting a larger return r, this comes usually at the price of increasing risks. Here, the situation is more complex because a higher market return leads to a thinner tail of the return distribution since the exponent µ, for instance given by (13), increases with r. Hence, increasing the average market return r decreases the extreme risks. In contrast, increasing r increases the volatility, as shown by direct numerical simulations which find that Σ B ≈ 10 3 r.
In the model (6), the fundamental price return r is an exogeneous variable, determined in real life by a large variety of factors underlying the self-organization of markets. What should be the optimal market return? Increasing r increases the return, decreases the extreme risks but increase the volatility. The answer could be obtained by maximizing the expected utility E[U] of the investor. For the purpose of illustration, we postulate
which captures the qualitative behavior. The second term of the r.h.s. of (15) proportional to the volatility Σ B (r) ensures that the utility decreases when volatility increases (α is a coefficient of order unity). The third term of the r.h.s. of (15) λ/(µ(r) − 1) is the excess loss over a threshold λ for a power law distribution. It quantifies the risks contained in the power law tail: the larger µ is, the larger is the utility function. Maximizing E[U](r) with respect to r gives an optimal average market return r * and therefore an optimal power law exponent µ * . This optimal exponent is the compromise reached to prevent a too large increase of the volatility. The realization that "small" risks quantified by the volatility and large risks quantified by the power law tail or by higher cumulants compete in the determination of optimal portfolios has been stressed by [Sornette et al., 2000] . It was found by a portfolio analysis of empirical data that it is possible "to have both your cake and eat it too", namely increase the return and decrease the large risks, while increasing the small risks. In this context, it is interesting to bring into focus the long-standing paradox that the Dow Jones average index has been argued to exhibit an anomalously large return, averaging 6% per year over the 1889-1978 period [Mehra and Prescott, 1985] , which cannot be explained by any reasonable risk aversion coefficient. What our study shows is that the excess remuneration r − r δ has an unexpected "good" consequence in decreasing drastically the large risks of the market by increasing the exponent of the asymptotic power law distribution. Following recent ideas in the theory of complex systems (see for instance and references therein), we argue that the market has self-organized such that the excess remuneration has reached a level for which investors find an optimal balance between their sensitivity to small and to extreme risks. We thus conjecture that the presently observed value of the exponent µ in the range 2 − 4 and the anomalous returns of the market over long period of times are the tools that the system has developed to tame the fat tails that bubbles tend to create in a way that the volatility remains at an acceptable level. Extending the present model to derive a dynamics on r would allow us to understand how this organization may proceed. Total price time Figure 6 : Time dynamics of B t + e rt , where we have assumed that the fundamental price e rt follows a deterministic growth at the "annualized" rate of 5% corresponding to the value r = 0.4%. This history corresponds to about 170 model-years. The continuous (resp. dashed) line corresponds to the positive (resp. negative) returns. The distribution is well-described by an asymptotic power law with an exponent in agreement with the prediction µ ≈ 3.2 given by the equation (10) monthly returns Cumulative distributions Figure 9 : Double logarithmic scale representation of the complementary cumulative distribution of the monthly returns ln p t+1 /p t of Dow Jones Industrial Average price p t from Jan. 1900 till Sept. 2000. The +'s (resp empty circles) correspond to positive (resp. negative) returns. The two dashes straight lines give the best fits to a power law for the largest 100 positive and negative monthly returns. For positive (resp. negative) returns, we find an exponent µ + = 2.9 ± 0.3 (resp. µ − = 2.4 ± 0.3).
